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Moderate deviations for recursive stochastic
algorithms

Paul Dupuis* and Dane Johnson'
Division of Applied Mathematics
Brown University
Providence, RI 02912

2nd August 2014

Abstract

We prove a moderate deviation principle for the continuous time in-
terpolation of discrete time recursive stochastic processes. The meth-
ods of proof are somewhat different from the corresponding large de-
viation result, and in particular the proof of the upper bound is more
complicated.

1 Introduction

In this paper we consider R%-valued discrete time processes of the form
i1 = Xi + ;b(Xi )+ Evi(Xz’ ), Xg' = o,

where {v;(-) }ien, are zero mean random independent and identically distrib-
uted (iid) vector fields, and focus on their continuous time piecewise linear
interpolations {X"(t) }o<t<r with X"(i/n) = X' (see (2.5) for the precise
definition). Under certain conditions there is a law of large number limit
X% € C([0,T] : RY), and the large deviations of X™ from this limit have
been studied extensively (see, e.g., [1, 10, 12, 15, 17]). Here we introduce a

*Research supported in part by the Department of Energy (DE-SC0002413, DE-
SC0010539), the National Science Foundation (DMS-1317199), and the Army Research
Office (W911NF-12-1-0222).

fResearch supported in part by the Department of Energy (DE-SC0002413) and the
Air Force Office of Scientific Research (FA9550-12-1-0399)
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scaling a(n) satisfying a(n) — 0 and a(n)\/n — oo, and study the amplified
difference between X™ and its noiseless version X" (see Section 2 for the
definition of X™0):

Y™ = a(n)v/n(X" — X™0),

Under Condition 2.1 introduced below sup¢o 71 | X°t) — X™0(¢)|| ~ O(1/n),
and hence Y™ will behave the same asymptotically as a(n),/n(X" — X0)
We demonstrate, under weaker conditions on the noise v;(-) than are neces-
sary when considering X", that Y satisfies the large deviation principle on
C([0,T] : R%) with a “Gaussian” type rate function. As is customary for
this type of scaling, we refer to this as moderate deviations.

To demonstrate this result we prove the equivalent Laplace principle,
which involves evaluating limits of quantities of the form

a(n)?log E [exp {—CL(;PF(Y")H

when F' is bounded and continuous. This is done by representing each
of these quantities in terms of a stochastic control problem, and then using
weak convergence methods as in [12]. Key results needed in this approach are
establishing tightness of controls and controlled processes, and identifying
their limits.

While one might expect the proof of this moderate deviations result to be
similar to the corresponding large deviations result, there are important dif-
ferences. For example, the tightness proof is significantly more complicated
in the case of moderate deviations than it is in the case of large deviations.
For large deviations one is able to establish an a priori bound on certain
relative entropy costs associated with any sequence of nearly minimizing
controls, and under this boundedness of the relative entropy costs, the em-
pirical measures of the controlled driving noises as well as the controlled
processes are tight. However, owing to the scaling in moderate deviations,
even with the information that the analogous relative entropy costs decay
like O(1/a(n)?n), tightness of the empirical measures of the noises does not
hold. Instead, one must consider empirical measures of the conditional
means of the noises, and additional effort is required for the law of large
numbers type result that shows that the conditional means are adequate to
determine the limit. This extra difficulty arises for moderate deviations
(even with the vanishing relative entropy costs), because the noise itself is
being amplified by a(n)/n.

A second way in which the proofs for large and moderate deviations
differ is in their treatment of degenerate noise, i.e., problems where the
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support of v;(-) is not all of R% This leads to significant difficulties in
the proof of the large deviation lower bound, and requires a delicate and
involved mollification argument. In contrast, the proof in the setting of
moderate deviations, though more involved than the nondegenerate case, is
much more straightforward.

As a potential application of these results we mention their usefulness
in the design and analysis of Monte Carlo schemes. It is well known that
accelerated Monte Carlo schemes (e.g., importance sampling and splitting)
benefit by using information contained in the large deviation rate function
as part of the algorithm design (e.g., [3, 8, 13, 14]). In a situation where
one considers events of small but not too small probability one may find
the moderate deviation approximation both adequate and relatively easy
to apply, since moderate deviations lead to situations where the objects
needed to design an efficient scheme can be explicitly constructed in terms
of solutions to the linear-quadratic regulator. These issues will be explored
elsewhere.

The existing literature on moderate deviations considers various settings.
Baldi [2] considers the same scaling used here but with no state depend-
ence. For the empirical measure of a Markov chain, de Acosta [7] and de
Acosta and Chen [6] prove lower and upper bounds, respectively. Guillin
[18] considers inhomogeneous functionals of a “fast” continuous time ergodic
Markov chain, and in [19] this is extended to a small noise diffusion whose
coefficients depend on the “fast” Markov chain. There are also results for
martingale differences such as Dembo [9], Gao [16], and Djellout [11]. For
various reasons, the issues previously mentioned regarding the difficulties in
the proof of the upper bound and the simplification in the lower bound for
degenerate noise do not play a role in these papers. For instance, proving
tightness in a moderate deviations setting for continuous time processes is
typically much easier. This is because measures on path space that have
bounded relative entropy with respect to Wiener measure have significantly
less variability than those with bounded relative entropy with respect to
a discrete time process. In particular, bounded relative entropy automat-
ically restricts to what one could consider to be “exponential tilts” of the
original distribution in continuous time, which does not happen in discrete
time, and is the reason more effort must be put into the proof of tightness.
This is illustrated by the convenient alternative formulations of the relat-
ive entropy representation for some continuous time processes (see [4] for
Brownian motion and [5] for Poisson random measures).

The paper is organized as follows. Section 2 gives the statement of the
problem and notation. Section 3 contains the proof of tightness and the
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characterization of limits, which account for most of the mathematical diffi-
culties, and are also the main results needed to prove the Laplace principle.
Sections 4 and 5 give the proofs of the upper and lower Laplace bounds.
Although all proofs are given for the time interval [0,1], they extend with
only notational differences to [0, 7] for any T € (0, c0).

Aknowledgement. The authors thank the referees for several sugges-
tions that improved the paper.

2 Background and Notation

Let
1 1
Xpoy = X7+ —b(X]) + il X]), X§ = o

where the {v;(-)}ien, are zero mean iid vector fields with distribution given
by the stochastic kernel p,. Thus if B(R?) is the Borel o-algebra on R,
then  — pu,(B) is measurable for all B € B(RY), u,(-) is a probability
measure on B(R?) for all 2 € RY, and P(v;(z) € B) = u,(B) for all z € R?,
B € B(R?%) and i € Ng. Define

Ha(e,0) = tog [ (i)

for o € R%. The subscript ¢ reflects the fact that this log moment generating
function uses the centered distribution pu,, rather than the usual H(z,a) =
H.(z,a) + (a,b(x)). We will use the following.

Condition 2.1 o There exists A > 0 and K,,4s < 00 such that

sup sup He(z,a) < Ky (2.1)
z€R? [[af| <A

o =z — u,(dy) is continuous with respect to the topology of weak conver-
gence.

e b(x) is continuously differentiable, and the norm of both b(x) and its
derivative are uniformly bounded by some constant K < co.

Throughout this paper we let ||a|} = (a, Aa) for any a € R? and
symmetric, nonnegative definite matrix A. Define

Aij(z) = /R dyiyjuw(dy),

4
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and note that the weak continuity of u, with respect to = and (2.1) ensure
that A (z) is continuous in z and its norm is uniformly bounded by some
constant K 4. Note that

O0H.(z,0) ‘ B
T‘Zi = /Rdyzﬂx(dy) =0

and 0?H.(x,0)
c(x,0
— i = A;;

for all i, € {1,...,d} and € R? and that A(x) is nonnegative-definite
and symmetric. For z € R? we can therefore write

Az) = Q(2)A(2)Q" (x),

where @Q(x) is an orthogonal matrix whose columns are the eigenvectors of
A(z) and A(z) is the diagonal matrix consisting of the eigenvalues of A(x)
in descending order. In what follows we define A~!(z) to be the diagonal
matrix with diagonal entries equal to the inverse of the corresponding eigen-
value for the positive eigenvalues, and equal to oo for the zero eigenvalues.
Then when we write

HOéH,%x—l(x) = HO‘HZQ(x)A—l(x)QT(x) ; (2:2)

we mean a value of oo for @ € R? not in the linear span of the eigenvectors
corresponding to the positive eigenvalues, and the standard value for vectors
a € R? in that linear span. Assumption (2.1) implies there exists some
Kpa < oo and Apy € (0, ] (independent of z) such that

O3 H,.(z,a) Kpa
sup sup max , 2.3
z€R4 ||a||<Apa 1,5,k 80[1'80[]'80% d3 ( )
and consequently for all ||| < Apa and all z € R?
Lo 3 L2 3
5 lella@) = llall” Kpa < He(z, @) < 5 llella@) +llol” Kpa. (24)

Define the continuous time linear interpolation of X" by X"(i/n) = X'
for:=0,...,n and

X"t)=(t14+1—-nt) X' + (nt — i) X", (2.5)
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for t € (i/n,i/n+ 1/n). In addition, define

1
Xi = X0+ 20 (X00) X5 = a

and let X™0(¢) be the analogous continuous time linear interpolation given
by X™0(i/n) = X"* for i = 0,...,n and
X)) = (i +1 —nt) X" + (nt — i) X"

for t € (i/n,i/n+ 1/n). Clearly X™°(t) — X°(t) in C([0,1] : RY), where
XO(t) = /Ot B(XO(s))ds + z0.

Since Ev;(z) = 0 for all z € R? we know that X™(t) — X°(¢) in C([0,1] :
RY) in probability. ~One can estimate probabilities for events involving
paths outside the law of large numbers limit X by proving a large deviation
principle and finding the corresponding rate function.

Definition 2.2 Let {Z", n € N} be a sequence of random variables defined
on a probability space (U, F, P) and taking values in a Polish space Z. A
function I : Z — [0,00] is called a rate function if for any M < oo the
set {xz : I(x) < M} is compact in Z. The sequence {Z™} satisfies the
large deviation principle on Z with rate function I and sequence r(n) if the
following two conditions hold.

e Large Deviation Upper Bound: for each closed subset F' of Z

limsupr(n)log P(Z" € F) < — inf I(z).

n— oo zZEF

e Large Deviation Lower Bound: for each open subset G of Z

liminfr(n)log P(Z" € G) > — inf I(z).

n— o0 zeG

Under significantly stronger assumptions, including the assumption that

sup H.(z,a) < 00
zeR
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for all & € RY, it has been shown that X™(t) satisfies the large deviation
principle on C([0, 1] : R?) with sequence 7(n) = 1/n and rate function

(o) =t { | L) o 60 =0+ [ (o)
—&-/(: u(s)ds,t € [0, 1]} .

Le(x, 8) = sup {{a, B) — He(z, )}

acRd

is the Legendre transform of H.(z,a) [12, 21, 22, 23, 24].
Assume a(n) satisfies

where

a(n) — 0 and a(n)y/n — oco. (2.6)
We define the rescaled difference
Y™'(t) = a(n)y/n(X"(t) — X™0(t)).

As noted in the introduction, the result stated below also holds with the
interval [0,1] replaced by [0,T], T" € (0,00). Let D denote the gradient
operator.

Theorem 2.3 Assume Condition 2.1. Then {Y"}, .y satisfies the large
deviation principle on C(]0,1] : RY) with sequence a(n)? and rate function

Ini() = inf {; [ lutoar: o0 = [ pox®s)acsyas

t / s))u(s)ds .
—I-/O AY2(XO(s))u(s)ds,t € [0,1]}

Is is essentially the same as what one would obtain by using a linear
approximation around the law of large numbers limit X° of the dynamics
and a quadratic approximation of the costs in I;. To prove the LDP, it
suffices to show the Laplace principle [12, Theorem 1.2.3]

n—oo

B . 1t 2 AL/2(XO0)y
—ueLzéféfu:m{z /0 (o)l as + F (5 )} @7)

_ 1 _p(yn
lim —a(n)?log E [e a7 )}
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where
v (t) = /0 Db(X(s))¢"(s)ds + /O u(s)ds. (2.8)
Note that
=YY"+ ﬂ (b(X-”) — b(X-"’U)) + Mv-(X-”) Y'=0
z+1 \/ﬁ A 7 \/ﬁ 1 VAl 0

For 1, 1 € P(R?) [the set of probability measures on B(R%)] , the relative
entropy of 1 with respect to p is defined by

Renl) = [ tog () ) wido) € f0.x)

if n is absolutely continuous with respect to p, and R(n|| 1) = oo otherwise.
For general properties of relative entropy we refer to [12, Section 1.4]. The
variational formula [12, Proposition 1.4.2(a)] and chain rule [12, Theorem
C.3.1] imply that

o1 nd
—a(n)?log E [e amz F" ] me’ Za R(nill pxn) + F(Y”)]
=0
(2.9)
for any bounded, continuous F : C([0,1] : R?) — R. Here n € P((RH)") is
the joint distribution of (vg,...,0n—1), 1;(-) is the conditional distribution
on v; given (fDO, e ,Tii_l),
v v 1 v 1 — v
i1 = X; + Hb(Xz' )+ i Xo = o, (2.10)

=T S (b o) + e W0 e

and, similar to (2.5), X"(¢) and Y"(t) are the continuous time linear inter-
polations of {X!}i—o.. . and {Y"}i—o.. n. Note that n; depends on past
values of the noise, but we suppress this dependence in the notation. We
will prove (2.7) by proving the lower bound

__1 n
liminf —a(n)?log E [e a7 )}

n—oo

. 1t 2 AL/2(X0)
> = “ ~
> uengéjf”:Rd) {2 /0 |u(s)|*ds + F (¢> )} (2.12)



12

2nd August 2014

and the upper bound

1 _pyn
limsup —a(n)?log B [e atz Y )}

n—oo

: e 2 AV/2(XO0)y
< inf ){2/0 lu(s)]| ds+F(¢ )} (2.13)

ueL?([0,1]:Rd

We will use a tightness and weak convergence result in the proofs of both of
these bounds, but first establish notation used in the rest of the paper.

Construction 2.4 Given a sequence of measures {n"},en with each ™ €
P((RH)™), define the following. Let (0F,...,0"_;) be random variables
with distribution 7", and define {X?}z‘:o,...,n and {Yi"}i:o’_“,n by (2.10) and
(2.11). Let

X"Mt) = (i+1—nt) X!+ (nt — i) X,

and

Y(8) = (i+ 1 — )T + (nt — )7,

for t € [i/n,i/n+ 1/n],i = 0,...n — 1 be their continuous time linear
interpolations. Define the conditional means of the noises

)
n n

w'() = [ i) foree |10,
the amplified conditional means
() = a(n)yrun(t),
and random measures on R? ® [0, 1] by
0" (dy @ dt) = Sgm () (dy)dt = b4 (n)mun (1) (dy)dt.

We will refer to this construction when given 1™ to identify associated
X" Y™ " and 7. Given v € P(E; x E»), with each E;,i = 1,2 a Pol-
ish space, let vy denote the second marginal of v, and let v denote the
conditional distribution on Ej given a point in Fj.

Theorem 2.5 Let {n"} be a sequence of measures, eachn™ € P((RD)™), and
define the corresponding random variables as in Construction 2.4. Assume
that for some Kg < 00

sup {a(n)2nE

neN

n—1
=3 RO u)—w] } < Kp. (214)

=0



13

2nd August 2014

Then {(7™,Y™) }nen is tight in P(R? ® [0,1]) ® C([0,1] : RY). Consider a
subsequence (keeping the index n for convenience) such that {(7™,Y™)} con-

~

verges weakly to (1,Y"). Then with probability 1 715(dt) is Lebesque measure
and

Y (t) = /0 Db(X°(5))Y (s)ds + /0 (s)ds, (2.15)
where

i) = | vl

In addition,

n—1 1

.. 1 " 1, .

iminfa(n?nE | 2 RO s | 2 B | [ 5 10 o ds]
1=0

(2.16)

3 Proof of Theorem 2.5

Assume that the bound (2.14) holds. We will show tightness of the {#"}
measures using the following lemma.

Lemma 3.1 Assume Condition 2.1 and let

Le(x, ) = Sélﬂgd{@ﬁ) — He(z, )} (3.1)

be the Legendre transform of H.(z,-). Then for any x € R and n € P(R?)

R(nll py) = Le <x,/Rdy77(dy)> :

Proof. While the result is likely known we could not locate a proof (see
[12, Lemma 6.2.3(f)] for a proof when H.(z,a) is finite for all a € R?),
and so for completeness provide the details. If R(7n|| p,) = oo the lemma is
automatically true, so we assume R(7|| i) < co. Define £(b) = blogb—b+1
and note that for a,b >0

ab < e+ ((b). (3.2)

From (2.1) we have

A
/ 627||y||ux(dy) < 2%eMngt < o0,
Rd

10
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Therefore

A dn
2yl —L d
/Rdzd [yl dﬂx(y)ux( Y)

< Adeﬁ"y )+ /Rd£< > 1 (dy)

< 2% et + R(nl| 1),

and consequently for any o € R%

/ la
Rd

Define the bounded, continuous function

Ftoia) { (o.) i l(on)] < K

Klay) otherwise,
[{e,y)|

d «
" ()i, (dy) < 2 (et 1R ) < 0. (39

and note that (3.3) and dominated convergence give

lim RdFK(yva)n(dy) = <a,/Rdyn(dy)>-

K—oo

In addition, dominated convergence gives

lim KWy (dy) = / e i, (dy)
K=00 Jiy:(a,y)<0} {y:(a,y)<0}

and monotone convergence gives

lim W)y, (dy) = / ey, (dy)
K=00 J{y:(a,y) >0} {y:{a,y) >0}

lim log </ ek, (dy)> = H.(z, ).
K—oo Rd

By the Donsker-Varadhan variational formula [12, Lemma 1.4.3(a)]

R(nl pg) = /RdFK(y,a)n(dy) — log (AdeFK(y’“)u$(dy)>

for all K < oo and o € R%, and so

Rorlng) = sup { (o [ vntan)) = Bt} = L (o [ inta).

11

SO
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which completes the proof of the lemma. m

The lemma implies the following theorem, which in turn will give tight-
ness of {7)""}.

Theorem 3.2 Assume Condition 2.1 and (2.14). For the processes {w"}
obtained in Construction 2.4

1
sup E [/ a(n)\/ﬁHw"(s)Hds] < 0.
neN 0

In addition, {a(n)y/nw"™(-)}, ey is uniformly integrable in the sense that

1
lim hmsupE |:/(; l{a(n)\/ﬁ”wn(s)‘bo}a(n)\/ﬁHw"(s)H d8:| =0.

—0 n—oo

Proof. We use the following inequality. Let G > 0 satisfy Ap4 min,en{a(n)y/n} =
VG [recall (2.6)] so that Apa > v/G/a(n)y/n for all n. Define L. by (3.1).

Let K = ApaKpa+ Ka/2. Then with e; denoting the standard unit vectors
a(n)’nLe(z, B)
— sup [a(n)vt (o, a(n)VB) — a(n)?nHe(z, )]
acRd
VG
a(n)y/n
1
> +VGa(n)v/nB; — 3G 1A@)I = GApaKpa
> +vVGa(n)vnp; — GK,

where the first inequality follows from making a specific choice of o and the
second uses (2.4). Therefore

da(n)*nLq(z, B) + dGK > VGa(n)v/n |8 - (3.4)

Using the bound on L. from Lemma 3.1 together with (2.14) and the last
display,

> sato

ei,a(n)\/ﬁﬁ> — a(n)’*nH, (x,:t VG Z)

a(n)y/n®

d (f/(g + \/51’()
> da\(}%%E [ /O ‘L. <Xﬂ (L’:J) ,wn(s)> ds} LAVER  (35)

> e[ [ amvalereas).

12
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For the uniform integrability, let C' € (1,00) be arbitrary and consider
n large enough that
VC

a(n)y/n’
Since Apa > 1/a(n)y/n the derivation leading (3.5) holds for G = 1, and
therefore

1 1
E [/ a(n) V7 [ (s)] ds] <K*=d <KE bRt ADAKDA> ,
0

min{Apa,1} >

which implies
*

1
E [ /O 1{a<n)ﬁuwn<s>|>0}ds} <

Since Apa > v/C/a(n)/n the estimate (3.4) holds with G replaced by C,
and then the last display and (3.5) give

1
VCE [/0 Lia(n)yvmluwn (s)|>cra(m)vn [w” (s)|| ds]

<E [d /01 La()vlwn s)|>} <a(”)2“Lc< (LnSJ> (s )) +CK> ]
< da(n)*nE Uol Le (X” (LT:J) ,w"(s)> ds]

1
+ CdRE [ /0 1{a(n)\/ﬁllw"(8)|>o}ds}

< K*d(1+K).

We conclude that

1
Clim limsupE |:/0 1{a(n)f||w"(s ||>C}a( )wa ( )||d8:| :0,

—00 n—oo
which is the claimed uniform integrability. =

We continue with the proof of Theorem 2.5. Note that g(y,t) = ||y|| is a
tightness function on R? @ [0, 1], so by [12, Theorem A.3.17]

G = [, Wiy

)

is a tightness function on P(R? ® [0, 1]) and

GO = || rony Jupo 117 0020

13
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is a tightness function on P(P(R? ® [0,1])). Since

1
sup EG(n") = supE {/ llyll 7" (dy ® dt)} =sup F [/ a(n)yv/nlw™(s)||ds| < oo,
neN neN 0
{#"} is tight and consequently there is a subsequence of {7} which con-
verges weakly. To simplify notation we retain n as the index of this conver-
gent subsequence, and denote the weak limit of {7)"} by 7). Note that for all
n the second marginal of " (dy®dt), which we denote by 75 (dt), is Lebesgue
measure, and therefore 7),(dt) is Lebesgue measure with probability 1.

Our aim is to show that Y"(t) — Y (¢) weakly in C([0,1] : R%), where
Y (t) is given by (2.15) in terms of the weak limit 7. To achieve this we
introduce the following processes which serve as intermediate steps. Let
Y3 =0 and

a(n) n,0 1 ¢ n,0 a(n) i
— V4 b(x™ v —b(X.’> n( 1),
H—l \/ﬁ i + a(n)\/ﬁ ) % + \/ﬁ w n
together with its continuous time linear interpolation defined for ¢ € [i/n,i/n+
1/n] by

Y(t) = (i + 1 —nt)Y;" + (nt — i)Y,
Also let . ;

Yo = /0 Db (X°(s)) T7(s)ds + /0 W"(s)ds (3.6)
where

()= [ vl

as in Construction 2.4. These are both random variables taking values
in C([0,1] : RY). Note that Y™ differs from Y” because Y™ is driven by
the actual noises and Y is driven by their conditional means. While the
driving terms of Y™ and Y™ are the same [recall that a(n)/nw™(t) = @™ (t)],
they differ in that Y is still a linear interpolation of a discrete time process
whereas Y satisfies an ODE. The goal is to show that along the subsequence
where 7" — 7) weakly

V" —Y" 5 0,Y"—Y" 50, and Y" - Y

in C([0,1] : RY), all in distribution. To show ¥ — Y we show that {Y"}
is tight in C([0,1] : RY) and use the mapping defined by (3.6) from [, %" to
Y™, Recall that sup,cga |[Db(z)|| < Kp. The following lemma is an easy
consequence of Gronwall’s inequality.
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Lemma 3.3 Let u € L'([0,1] : RY) be arbitrary and ¢* be defined as in
(2.8). Then for0<s<t<1

1 t
19 () = " (s)Il < (t_S)KbeKb/O IIU(T)IIdTJr/ [[u(r)|| dr.

With this lemma and the uniform integrability of {#"} given in Theorem
3.2, tightness follows.

Lemma 3.4 Assume Condition 2.1 and (2.14). The sequence {Y™} defined
in (3.6) in terms of the measures {n"} wvia Construction 2.4 is tight in
C([0,1] : RY), as is { [ w"ds}.

Proof. It suffices to show that for any € > 0 there is § > 0 such that

lim sup P ( sup HY”(t) — Y"(S)H > 5) <e.

n—o0 |s—t|<5

Since 7" is the integral of a point mass located at w"(t) ,
1
1) = tmsw B[ [ oo a0 d
[ty s
{llylI>C}

By Theorem 3.2 T(C) — 0 as C' — oo. Define also K, = sup,,cy Efol |lw™(t)]| dt,
which is finite by Theorem 3.2. Let € > 0 be arbitrary. Then for any s <t
satisfying ¢ — s < § Lemma 3.3 implies

= limsup F

n—oo

1 t
[t - 77(s)| §5KbeKb/ Hwﬂ(r)ydr+/ | (r)| dr.
0 s
Since
t 1
/ ||u7“(7“)||d1“§C<5+/0 Ljjar ey 10" (r) || dr,

it follows that

V) — Y"(S)H <6 <c + el /01 " () | dr>

1
+/0 Lijan(ry>cy 19" (r)]| dr.

15
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Hence by Markov’s inequality

lim sup P ( sup H}A/"(t) — Y”(S)H > 6)

n—00 |s—t|<6

1
< glimsupE [(C—f— KbeKb/ ||™ ()] dr)]
n—00 0

1. ! .n
+ ~ limsup 5 [/0 L{jan(ry|>cy 1@ (7’)|d7"]

n—oo

1
< g(c + K™ K) + -T(C).

Choose C < oo such that T(C) < €2/2 and then choose § > 0 so that the
§(C + Kpe®rK,)) < £2/2. This shows the tightness of {Y"}. The tightness
of { [, w"ds} is simpler, and follows from the bound

t
1
lim sup P ( sup / | (r)|| dr > 5) < 5% + ET(C)'

n—00 s—t|<6 Js

We still need to show that ¥ converges to Y. This also relies on the
uniform integrability given by Theorem 3.2.

Lemma 3.5 Assume Condition 2.1 and (2.14). Let the sequence {Y™ (t)}
be defined by (5.6), consider a convergent subsequence {(Y” n™)} with limit
(Y*,7), and let Y (t) be defined by (2.15). Then w.p.1 Y* =Y.

Proof. We can write

:/OtDb(XO(s))Y”(s)ds—F/ot /Rd yi" (dy @ ds).

Using the uniform integrability proved in Theorem 3.2 and that 7y is Le-
besgue measure w.p.1, sending n — oo and using the definition of W gives

Y¥(t) = /DbXO NY*(s ds+// yn(dy ® ds)
= / Db(X°(s))Y*(s )ds—i—/o W(s)ds.

By uniqueness of the solution, Y* =Y follows. m
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It remains to show Y —Y" — 0 and Y™ — Y™ — 0. We begin with
Y”—Y" — 0. Recall that the difference between Y™ and Y™ is that the first
is driven by the actual noises and the second is driven by their conditional
means. The following theorem is a law of large numbers type result for the
difference between the noises and their conditional means, and is the most
complicated part of the analysis.

Theorem 3.6 Assume Condition 2.1 and (2.14). Consider the sequence
{00 }i=o0,...n—1 of controlled noises and {w"(i/n)}i=o,..n—1 of means of the

controlled noises as in Construction 2.4. For i€ {1,...,n} let
=
wn o= = 5 — w™ (i ,
P= jgoa(n)\/ﬁ(vz w" (i/n))

Then for any § > 0

lim P[ max _||W|| > 6| =0.
n—oo  |ie{l,..,n}

Proof. According to (2.14)

n—1
1 Kg
— E R i Y < .
2 2 IR ) < o

Because of this the (random) Radon-Nikodym derivatives

——(y)

) = g

are well defined and can be selected in a measurable way. We will control
the magnitude of the noise when the Radon-Nikodym derivative is large by
bounding

n—1

1
- Z; Ellsp@pzn 1071

for large r.
From the bound on the moment generating function (2.1),

A
Sup/ eﬁ“y‘lux(dy)§2dedegf. (3.7)
r€Rd JRY

Let
o =min{)\/2¢", 1} (3.8)

17
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and recall the definition ¢(b) = blogb — b+ 1. Then

n—1 n—1
1 1
S [igpenen 0] =2 Y E| [ Iy ff(y)m(czw]
" { Y } ne2 {y:f*(y)>r} '

and the bound ab < e* + £(b) for a,b > 0 with a = o||y|| and b = f'(y)
gives that for all ¢

/ Iyl fi* (y)uxy(dy)]
{y £ w)>r}

1
[ ot
{y:fr(y)>r} !

<-F
Since ¢(b) > 0 for all b >0

E

1
+-E
g

/ U )isy <dy>] .
{y:f7(y)>r}

g

5 (U sy @) < B | [ s wns )]

= E[R(n}[| pgn)],

and by Holder’s inequality (recall (3.7) and (3.8))
/ I (dy)
ty: /i (y)=r}

1 1

2 2

( / 1{f,?(y)>r}#X;L(dy)> ( / e%y”uxin(dy)> ]
R4 R4

<E [MX;({y ) 2 T})%} <2dedegf>

In addition Markov’s inequality gives for r > e~}

[{y:fi"(y)%"}

E

<E

[SIES

R(0™|| th5n
[ o) 52 s () = R(n} |l nsy)

pxn{y: fi'ly) 2 r}) <

rlogr rlogr
Therefore
1 n—1
SB[l f?(y)ux;z(dy)]
n i=0 {fiy)>r}

n—1

1
n—1 n _ 2
1 /g ax )él R(ni' || pxr) 11
< = (2de®Emet)? ZNT R || ——20 —=NT B[R pgn)]-
_0( e ";:o rlog r +an§ [B(ni || pxen)]

=0
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Since by Jensen’s inequality

3 1 n—1 3
*Z (nl”g“X)) < (v1o7) (;ZE[RWHMXM) ,

we obtain the overall bound

1 n—1
~> B [1{f?(ﬂ?)2r} H@?M
i=0
1 1
(2dedegf)§ < 1 )2
rlogr

1
< =
o

3 1 3
<1 Kg (2d6degf> 2 1 \* 1 Kp (3.9)
~oa(n)yn rlogr o a(n)?n

Using this result we can complete the proof. Define

o [0 L) <
5i’:{v if fr(ol) <r

0 otherwise.

For any for any 6 > 0

P{k B 12 o (-0 (7)) 235}
< P{k_g%_l LS~ atupviter - ) > 6}
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The first term satisfies
1 k
P L mr
{m n 2 AV =€)

\FZE

il

qu—'

n)\/ﬁ% ZE [1{f?(17?)2r} ||17?H] :
1=0

The second term is a submartingale. The first inequality in the next display
follows from Doob’s submartingale inequality. The second inequality uses
a conditioning argument and that for any integrable random variable Z,
E[Z — EZ)* < EZ?. We have

k
1
P{ max |- a(n)vn <§§” — / yn?(dy)> > 5}
{kO,---Jl—l n zz_; {y:fr(y)<r}
1 12 i
< ZE =Y an)vn (f?’r —/ yn?(dy)>
& |||n ; {w:fP )<}

2

[\

M

1 a(n) i, .k / n )
- yn;' (dy)
2 n = H( {w:fP ()<}

1=

o n—1 r
- (;Qa(;l) S (||e ﬂ

=0
1 a(n)? =2 —/ 2
- E IyllI” fi* (W) pgn (dy)
% n ; |yt )<r} Z
n—1 r
r a(n)? / 2 ]
< —= E Y d
S5 2P| ) 1Yll™ pexn (dy)

where

Ko = sup / 112 1 (dy) <
zERY
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and the finiteness is due to (2.1). We can use Jensen’s inequality with the
third term and get the same bound that was shown for the first. We have

k .
1 2
Pl omax |t a(n)wﬁ(w" () -/ yn?(dw) 26}
{ko,...,n—l nz; n)  Jyrr<n
1 ln—l B
< . J—
< 5a<n)\/ﬁn;E '

[ORND)|

/ y (dy) ]
{y:fr(y)>r}

n—1
1

NONT Sy / IIyHn?(dy)]
”; |y (y)>r}

n—1 I
1 1

<

| =

n—1
1 1 : .
= <a()Vi S E [Iygpen 1971]
i=0
Combining the bounds for these three terms with (3.9) gives

k
P{ max > 35}
k=0,...,n—1

1 —n n 1
S C0)
2 124 r
< sUmV— " B [Lgpanzn [07]]] + 3a(n)*Ku
=0

=0

IN

1
2 1 3/ 1 \z2 2 Kg r
7K2 <2d degf) P 2*K .
A rlogr + ad a(n)\/ﬁ+a(n) 522

Choosing 7 = 1/a(n) and using a(n) — 0, a(n)y/n — oo gives

? {m et (a0 (7))

i=0
as n — 0o, which completes the proof. m

Z35}—>0

This theorem, combined with the following discrete version of Gronwall’s
inequality, will allow us to prove Y —Y" — Q.

Lemma 3.7 If {a,}, {bn}, and {c,} are nonnegative sequences defined for
n=20,1,... and satisfying
n—1

an < Cp + Zbkaky
k=0
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then

n—1 n—1
an < cn—l—Zbkckexp{ Z bi} .

k=0 i=k+1

Theorem 3.8 Under the conditions of Theorem 3.6 Y™ —Y™ — 0 in prob-
ability.

Proof. Recall that

R R (O ) () R
and - -

- S s gha) () 555 (1)

(A
so with W} defined as in Theorem 3.6

on om ; k—1@ o
¥ = Y| < e+ D v - v
i=0

Using Lemma 3.7 gives

k-1

_ K .
7 YkH<||WkH+Z||W"\exp{ b<k—z—1>}
1=0

< (14 Kpe™) max {[WFIl}

90y

SO

e {77 =Y} < (14 Koe™) max (W7}

Since max;ey,.. o3 {[[W;*[|} — 0 in probability

max {HY" anH} — 0 and hence sup ||Y"(t) — Y"(t)H —0
e{1,.. tel0,1]

in probability. =

To complete the proof of the convergence we need to show Y™ — Y™ 0.
Recall that these two processes have the same driving terms but different
drifts, in that Y satisfies the ODE

Vo) = /0 Db(XO(s))V" (s)ds + /0 " (s)ds

22
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while Y is the linear interpolation of the discrete time process defined by

Yy =0 and

i 4 (3 ) 20 2 ().

However, essentially the same arguments as those used in Lemma 3.4 to
show tightness of {Y™} can be used to prove tightness of {Y"}, and then
it easily follows as in Lemma 3.5 that any limit will satisfy the same ODE
(2.15) as the limit of {Y™}, and therefore Y™ — Y™ — 0 follows.
Combining Y? — Y™ — 0, Y™ — y" - 0, and Y™ — Y demonstrates
that along the subsequence where 7" — 7 weakly Y™ — Y in distribution,
which implies that along this subsequence (7", Y"™) — (7,Y) weakly. We
have already shown that with probability 1 7,(dt) is Lebesgue measure and

() = [ D)yt [ [ vinaldylt)as

so the proof of convergence (i.e., the first part of Theorem 2.5) is complete.
To finish Theorem 2.5 we must lastly show the bound (2.16). Note that
the weak convergence of Y™ implies

sup || X"(|nt] /n) — Xo(t)H — 0 in probability. (3.10)
t€[0,1]

Define random measures on RY @ R ® [0, 1] by

Note that the tightness of {7"} follows easily from (3.10) and from the
tightness of {7"}. Thus given any subsequence we can choose a further
subsequence (again we will retain n as the index for simplicity) along which
{+"} converges weakly to some limit v on P (R? ® R? ® [0, 1]) with

Va3 (dy @ dt) = 7 (dy ® dt),

where 7, 5 is the second and third marginal of . If we establish (2.16) for
this subsequence it follows for the original one using a standard argument
by contradiction. For o > 0 let

GX° = {(z,y,t) : ]z = X°(1)|| < o}

be closed sets centered around X° (t) in the x variable, and note that by
(3.10) and weak convergence, for all ¢ > 0

L=t B [ (63)] < & [ ()]

n—oo
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Thus
B (i) =1

so, with probability 1, « puts all its mass on {(a:, y,t):x=XO (t)} There-
fore with probability 1, for a.e. (y,t) under vy 3 (dy ® dt),

V12,3 (dz|y,t) = dx0() (dz) .

Combined with the fact that the second marginal of 7) (dy ® dt) is Lebesgue
measure, this gives

v (dr ® dy ® dt) = dxoqp) (dx) ) (dyl t) dt. (3.11)
Let . )
I _ =Lz = a2
x (@, 5) jgﬂgd{m,m el QKHaH}

Then (2.4) implies that

n—oo

1 -
lim inf a(n)?n L. (x, Wﬂ) > Lk (z,0) (3.12)
uniformly in z and compact subsets of 5. We also have

- 1
Li (#.8) 1 5 113-1)

as K — oo for all (z,3) € R?.  Combining (3.12) with Lemma 3.1 and
using Fatou’s lemma for weak convergence,

n—1

1
*R & X
> SRl egp)

=0

liminf a(n)*nE
n—oo

1

2 n

a(n)*nlL. | x, y> v (dx @ dy @ dt
/Rd®Rd®[0,1] (n) < a(n)y/n ( )

/ Lic (@,y) 7 (dz @ dy @ dt)
Rd®Rd®[0,l}

> liminf

n—o0

> F
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for all K. Then using the monotone convergence theorem, the decomposi-
tion (3.11), and Jensen’s inequality in that order shows that

n—1 1
Z 5R<7h' ‘MX;I)]

1=0

liminf a(n)*nE

> lim F / L (z,y)7 (dz ® dy @ dt)
RI®QRIR[0,1]

1
5|/ P2y (dr © dy @ di)
RIQRI®[0,1]

ropl
1 9 A
- /0 /Rd 2 1ylla— (xoqey) i (dylt) dt]
> F -1 ! Hw(t)HQ dt
o _2 0 A_l(XO(t)) s

which is (2.16).

4 Laplace Upper Bound

The goal of this section is to prove (2.12), which due to the minus sign
corresponds to the Laplace upper bound. Suppose for each n that n"
comes within ¢ of achieving the infimum in (2.9), so that

n—oo

_ 1 _pyn
lim inf —a(n)?log E [e a2 )] +e

> liminf

n—oo

(4.1)

n—1
> aln)® RO} pxp) + F(Y™)
1=0

Since sup,cpa |F(2)] < Kp for some Kp < 0o, we also have

n—1

1
*R & X
> SR )

=0

§2KF+€.

supa(n)’nE
n

Consequently we can choose a subsequence of {n"} (we retain n as the
index for convenience) along which the conclusions of Theorem 2.5 hold.
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Combining this with (4.1) gives

n—oo

1 pyn
liminf —a(n)?log E [e a2 )} +e

> liminf F

n—oo

n—1
Y a(n)P RO} pgr) + F(Y™)
1=0

1
> B | [ 5166 oy ds-+ FIT)|.
Recalling
V() = /0 Db(X0(s))V (5)ds + /0 ib(s)ds,

it follows that
1 1 R
. [/0 5 1)1 x0() ds + F(Y)}
11
> ueLQ%%fl]:Rd) {/0 B ||U(8)H?471(X0(S)) ds + F(¢“)}

1
_ . 1 2 AL/2(X0)y
B ueL2g(1)f1];Rd) {/0 3 Iluts)l"ds + F (¢ ) ’

with ¢" defined as in (2.8). Since ¢ > 0 is arbitrary, we have the lower
bound (2.12).

5 Laplace Lower Bound

The goal of this section is to prove (2.13). Note that for u,v € L([0,1] : R%)
and ¢A1/2(XO)“, (ﬁAl/Q(XO)U given by (2.8)

¢A1/2(X0)1L(t) . ¢A1/2(X0)’U(t)
t 1/2 0 1/2 0
= [ DbxO(s)) (647 (s) - 1O s)) s
0

+ /O AY2(XO(s)) (u(s) — v(s))ds.
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Thus by Gronwall’s inequality

/ U / v
sup [l u(g) — 7O )| (5.1)
te[0,1]

1
< (1+ Kyek) /0 |42 (x0s)puts) — AV2(X0(s)pos)| ds

< (14 Ky K2 (/01 lu(s) — v(s)H?ds)é .

Since C([0,1] : R?) is dense in L2([0, 1] : RY), the proof of the Laplace lower
bound is reduced to showing that for an arbitrary v € C([0,1] : R%)

1 _p(yn 1 L
lim sup —a(n)?log E [e a2 P )] < 2/ ”u(s)H2ds+F (¢A1/2(Xo)u> .
0

n—oo
(5.2)
The main difficulty is to deal with the possible degeneracy of the noise.
Recall the orthogonal decomposition of A~!(z) (2.2). Define

AR (2) = Q)AL ()Q ()
where A'(z) is the diagonal matrix such that A;lK(aj) = A;'(z) when
AN (z) < K? and A;}K(av) = K2 when A};'(z) > K2 Note that by [20,

Theorem 6.2.37] AY%(z), Ax'(z) and A}(ﬂ(a:) are continuous functions of
A(z), and consequently they are also continuous functions of z € R?. In
addition define

u(s) for Jlu(s)| < K

e { sy for fuls)| > K

Let ¢ (t) = ¢A(XO)A;<1/2(XO)“K (t), and note that ¢* solves
65 (1) = [ DU (i
0
t
+ [ A A0 (s)ds. (53)
0

To simplify notation we define s} =i/n and s"(t) = |nt] /n, where |a|
is the integer part of a. Note that s"(¢) —t — 0 uniformly for ¢ € [0,1] as
n — oo. For n sufficiently large

1
0<itno1 { a(n)y/n

AR (X0 (s2)) e (57) K < Apa

} < v
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and we can define the sequence {(X™%K yruwK pnuwk pruwEyagin Con-
struction 2.4 with

" (dy)
—exp { (b o= A5 (00 (50)) e () )
e (RS AR (00 ) e (5 ) g ),

Using (2.3) and the fact that

| pexpltv.o) - Helz,0)bua(dy) = Dafie(a.a),

we have for ||a|| < Apa

| [ yexota) = Hote. )bt ~ Al < Kpallal®. 6.

The next result identifies the limit in probability of the controlled processes
and an asymptotic bound for the relative entropies.

Theorem 5.1 Let u € C([0,1] : R%) and K < oo be given, construct
{(XnwK ynuwK g K pnaEOY a5 i this section and define ¢ by (5.3).
Then

Yn,u,K N ¢u,K (55)

in C([0,1] : RY) in probability, and

1 n—1 X
lim Ssu (Lz n nE — R ( T-L’u’ H *n,uJ{)
n—>oop ( ) n ; 5 MXi

2

_ % /01 H A2 Xo(s))uK(S)HA(Xo(S)) ds. (5.6)

Proof. Using (5.4) to bound the second term and (2.4) to bound the third,
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for n satisfying K2 < Apa

()f
R(n?UKHMX"%K)
= [ (o AR (20 ) e () ) 2 )
—H, (x (; fA;é/? (X°(s1)) ux (s "))
< (A () AR (X0 6)) e 6D),

1

A~ 1/2 XO
a(n)y/n K (
1 1 n,u, K -1/2 0
A(X]" X
3 (K0 ) A (6 )
1 —-1/2 0 6
AN R D) e )+ o 3n3/2 a2 4K
1 ~1/2 (40 6
= A X m 71( K°.
2a(n)?n H i (X0 (s) e (s7) ‘A(X,?"“’K) * a(n)3n3/2 ba
Consequently
lim sup a?(n lnilR( "UKHM nuK) (5.7)
n—00 n i—0 X
< lim sup E ln HA 12 XO( )) ur (s;) :
n—00 n i—o A(Xin’u’K) ’
where in fact
lim sup E ZHA 1/2 (X° () uk (s ‘2 <1K4KA.
n—oo 2 A(X?’U’K) -2

Therefore (2.14) is satisfied by {7n™*¥}, so we can apply Theorem 2.5 and
choose a subsequence (keeping n as the index for convenience) along which
{(7e B YK converges weakly to some limit (7%, V%K), where %“K

is Lebesgue measure and

vk (¢) /DbXO )Y (s ds+// yilyiy (dy|s)d
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This implies

sup || XK (1) — X)) — 0 (5.8)
te(0,1]

in probability. Because of this, the uniform bound on AY2?(z) and the
continuity of AY/2(zx), we have (recall that s™(t) = |nt| /n)

up [ @) - AV )| - 0

in probability. However, the continuity of AY/2(X O)Al_(l/ 2 (XOug gives
sup 47200 ) A O )@
tel0,1

—AVXO) ALK O)ur (1) - 0

Combining these limits, and using the fact that A;(l/ 2 (X% ug is uniformly
bounded, shows that

sup [AEE S E) AL ODu" @) (59)

—AV2(XO ) AW (t)]| - 0

in probability. This combined with the uniform bound on A[_(1

and dominated convergence gives

/Q(XO)uK

limsup F [1 /1 ‘’14[_(1/2(Xo(sn(t)))uK(sn(z‘,))H2 _ dt
n—oo 2 0 A(Xn’"’K(Sn(t)))
L (M =12, w0 2
= — A X .
2/0 H KA (t))uK(t)HA(XO(t)) dt

Combining this with (5.7) shows (5.6).
To prove (5.5) we will show that in fact

P (dy @ dt) =6 dy)dt.

A(XO(t))A;J”(XO(t»uK(t)(
For all o > 0 let

G, = {(z,t) eRx[0,1] : Hz - A(XO(t))A;Q”(XO(t))uK(t)H < a} ,
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and note that by weak convergence limsup,, .. E[i™"5(G,)] < E[“%(G,)].
Note also that

B[ (Gy)]
> P | sup |la(n \f/ yannqu A(XO(t))Al_(lﬂ(Xo(t))uK(t)H < o] :
t€[0,1]

However, by (5.4) we can choose n large enough to make

)i [ iy

sup
te€[0,1]

ALK (5(1))) A2 (X0 (57(1))) e (57(1)) H
arbitrarily small, and the proof that

2 LA ) A0 O (5 1)

—AXO )AL X0 ur (1) — 0

in probability is identical to the proof of (5.9). Therefore limsup,, ., E[7*“*"(G,)] =

1 for all o > 0, and so E[ﬁ“’K(ﬁneNGl/n)] = 1. This implies that with prob-
ability 1

~u, K

iz (1) = 0 40y a0 72 00 (W)

for a.e. t. It follows that
t t

YR = / Db(X ()Y (s)ds + / AXO(s) AR (XO(s))uk (s)ds,
0 0

and therefore Y%K — %X weakly. This implies (5.5) and completes the
proof. m

The second theorem in this section allows us to approximate F (¢A1/2(X 0)“)

by F(¢“) and 2f0 |u(s)|* ds by

3 [ AR s

2

s
A(XO(s))

d A2 (xO)y
Theorem 5.2 Let uw € C([0,1] : R?) and define ¢p"'x by (2.8) and
¢“E by (5.8). Then as K — oo

qbu’K — ¢A1/2(X0)u
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in C([0,1] : RY) and
—1/2 0 2 1 ! 2
w3 [ o) s < g [ TP

Ke(0 OO)
Proof. Note that
412 e AR A0 5) e (9)]| < ()]

forallsE[Ol andKE(O 00) SO

-1/2 0 2 1 /1 )
Su A (X ds < = w()? ds.

In add1t1on,
AV2(X0(5) AYA(XO(3)) AR (XO(3) e (5) — AV (XO(5))u(s)
and
A2 () A2 (X0 () A2 (X (5)urc ()| < [[AV2(X0(s)us)|
for all s € [0, 1] so dominated convergence gives
Al/Q(XO)Al/z(XO)A;{UQ(XO)uK _ Al/Q(XO)u

in L1([0,1] : R%). Combining this with the second line of (5.1) shows that
¢u,K R ¢A1/2(X0)u

in C([0,1] : RY). m

Using (2.9) and the fact that any given control is suboptimal,

1 _ n
_ a(n)ZlogE |:6 a(n)? FY ):|

<FkE

Sa(n)%ﬁ( HUKH,anuK) +F(Y”“K)] .

=0

Using Theorem 5.1, this implies

__1 n
lim sup —a(n)?log [e amz P )]

n—oo

< /0 1 |2 x|, ds+ F@5).

A(XO(s))

Sending K — oo and using Theorem 5.2 gives (5.2), and hence completes
the proof of the lower bound (2.13).
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